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Abstract—We consider two-user uplink non-orthogonal mul-
tiple access (NOMA) assisted by a large intelligent reflecting
surface (IRS). For the network, the rate fairness is maximized
by optimizing the receive beamforming of a base station, power
allocation of two users, and IRS reflection. For the two-user
case, we derive the optimal power allocation (PA) and receive
beamforming conditioned on IRS reflection in a closed form,
which reduces the overall max-min rate optimization problem to
the IRS reflection optimization. By approximating a nonsmooth
minimum operation to a differentiable smooth function, we can
solve the problem for a large number of IRS elements through
a Quasi-Newton type nonlinear optimization algorithm that is
known to be efficient for a large scale problem.

Index Terms—Intelligent reflecting surface, non-orthogonal
multiple access, nonlinear optimization, power allocation, receive
beamforming

[. INTRODUCTION

Intelligent reflecting surface (IRS) has emerged as a low
cost and energy efficient method for 6G networks by changing
channel environments smartly to meet various communica-
tion requirements [1]. Thus, various wireless communication
networks have been reformed with IRS accompanied by
IRS reflection optimization with the other resources. Among
the networks, multiuser communications with non-orthogonal
multiple access (NOMA) has been considered popularly due
to its capability of higher spectral efficiency and more con-
nectivity [2]-[7], [9].

Following the studies on the downlink IRS-NOMA, the up-
link IRS-NOMA has been optimized to maximize the sum rate
[4], [5] or the minimum rate [6], [7]. The authors considered
a max-min rate optimization of the uplink IRS-NOMA with
multiple receive antennas [7] which is accomplished by power
allocation of the devices in addition to the optimization of
receive beamforming and IRS reflection. The authors have
proposed to apply a low-complexity nonlinear optimization
algorithm called limited-memory Broyden-Fletcher-Goldfarb-
Shanno bounded (L-BFGS-B) [8] to optimize power allocation
and IRS reflection while adopting the conditionally optimal
receive beamforming.

In this paper, we limit the problem considered for the uplink
IRS-NOMA [7] to the case of a single NOMA pair; Two-
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Fig. 1. Uplink IRS-assisted NOMA with two users.

user NOMA can be implemented with OMA such as time
division multiple access in a hybrid form. For the problem,
we present the objective as a function of power allocation and
IRS reflection coefficients by using the conditionally optimal
beamforming. We then derive the conditionally optimal power
allocation as a function of IRS reflection coefficients, which
renders the objective as a function of IRS reflection. Finally,
the max-min rate optimization problem becomes solvable with
the L-BFGS-B algorithm [8] by approximating the minimum
of two variables with a smooth and differentiable function.

Notation: R"*™, R*™ and C™*™ denote a set of n x m
matrices with real values, positive real values, and complex
values, respectively. We denoted by [s],, the nth element of a
vector s, diag(s) the diagonal matrix with a diagonal vector
s, and CN(p,X) the complex Gaussian with mean g and
covariance matrix 3.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider an IRS-assisted uplink NOMA as depicted in
Fig. 1, where a base station (BS) with M -antennas receives
the signal from two single-antenna users with the help of an
IRS with N-elements. Here, F € CM>N denotes the BS-
IRS channel while h,y; € CM*! and h,.; € CNV*! denote
the channel from user % to the BS and IRS, respectively. Each
user k simultaneously transmit its symbol s, with E[|s|?] = 1
at transmit power p;, for k = 1,2. The received signal at the
BS is expressed as

y =hy(¢)/pis1 +ha(d)/p2s2 + 1, (D
where n ~ CN(0,02I);) denotes the noise at the BS,
hy(¢) = hg i + Fdiag(h,. ;)9(¢) (2)

is the equivalent channel from user & to the BS, and 9(¢) =
[e791, ... eIN]T € CN*1 s the unit modulus IRS reflection
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vector. The BS detects symbol s; by applying receive BF wy,
with successive interference cancellation (SIC).

Without a loss of generality, we assume that user 1 experi-
ences a stronger channel than user 2 as ||h1(¢)||? > ||ha(o)]|?
for a given IRS reflection vector ¥(¢) and a power allocation
(PA) vector p = [p1, pg]T. The optimal receive beamforming
is given by the minimum mean square error (MMSE) beam-
forming [9]

wi(p, ¢) = By, (P, $)hi(9), 3)
leading to the optimal SINR
(P, ) = pehi! (9) By ' (p, 6)hi (), @)

where By (p, @) = 021+ paha(d)hil (¢) and By = 021,
The max-min rate optimization problem is then formulated
as

max min; <p<2 logy (1 + v (P, @)) (5a)
S, 0<¢<2r (5b)
ngkng,k:LQ, (SC)

where Py, is the maximum transmission power of user k.

III. PROPOSED ALGORITHM FOR MAX-MIN RATE
OPTIMIZATION

Due to the monotonic increasing property of the log func-
tion, max-min rate optimization is equivalent to the max-min
SINR optimization as

max min(y1(p, @), 2(p, ¢)) s.t. (5b),(5¢c).  (6)

P,

Let us express the SINR expression by applying the Sherman-
Morrison formula to By ! (p, @) as

_ b1 2 |h{ (¢)hsy(0)|*pa
71(p7 ¢) - o2 ||h1(¢)|| o2 + Hh2(¢)||2p2 @)
and
12(p.®) = 7 [ha(9) > ®)

From (7) and (8), we have two observations on the power
allocation for given ¢ as follows:

e 71(p, ¢) increases with p; while it decreases with ps.
e Y2(p, @) is independent of p; but increases from zero as
po increases.

For better understanding, the SINR behaviors according to
the power allocation are shown in Fig. 2 for a given channel
realization.

First of all, the power allocation to the stronger user is set
to meet v1(p, ¢) = 72(p, ¢), which leads to

A1(1 + F2) — 172072 = F2(1 + F2), )

Ihi ($)ha($)]

where "S/k = pk|‘h)€(¢)”2/a2 and P12 = W

meet (9), we have

.1 N .
F2=35 %(1—/)32)—1+\/(71(1—0?2)—1)2+471

Fig. 2. An example of SINR variations according to power allocation p for
given IRS ¢.

which has the maximum value when 7; is the maximum with
p1 = P1 while satisfying the condition of 72 < £2|/hy ()|
Let us define

Teal®) = 4 [b(9) + VEGP +AT1(9)] . (1D

where )
b(p) = Ti(g) — BRIy

and
(@) = Zlhi(@)]?, k=12 (13)
Finally, the problem (6) becomes

max  min(feq(¢), La())

¢ (14)

st. 0< ¢y, <2m,Vn.

In solving problem (14), we noitice that it is a nonlinear
optimization problem with simple bounded box constraints.
If the objective is smooth, the problem can be solved by the
L-BFGS-B algorithm which is known to be efficient for a large
number of variables. Therefore, we approximate the minimum
objective function to a smooth (differentiable) approximation
by using

1 1
min(z,y) ~ Sz +y) — 5

5 5 (z—y)?+e 5)
where ~ becomes the equality as € — 0.
Finally, we approximate the objective to
1
1
= 5\ (T2(e) = Fua(9))2 + 2,
of which the gradient is given as follows.
1 Lo(@) — Yeq ()
v min ~ — — vr
Irin(®)= 3 V(IT2(@) = Feq(¢))? + ¢ 2(¢)
1 P2(¢) — ’S/Lq((b) X
-1 Ve
Yo | e e )
a7

For a given SIC order, we apply the L-BFGS-B algorithm
with the gradient obtained numerically or in a closed-form to
solve problem (14). For a NOMA pair which has two possible
SIC orders, we run the optimization algorithm for each of get

» (10) S1C order to get the best max-min rate.
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IV. SIMULATION RESULTS

To investigate the performance, we perform the simulation
setup in the (x,y,z) coordinates as shown in Fig. 3. The BS
is located at (0,0,10) m, the IRS is placed in the ’y-z’ axis at
(-20,60,10) m, and users are randomly located inside to the
20 x 20 rectangle centered at (0,60,1.5) m. All the channel
links are modeled as Rayleigh fading channels with path loss
Bd—?, where the reference path loss is given by 5 = 1073 for
all links. The path loss exponent « is given by 2.2, 4, and 2.4
for the BS-IRS, BS-Uj and IRS-Uj, links, respectively. The
power noise at the BS is set to 02 = —100 dBm. The average
performance is obtained over 1000 random CSI samples.

IRS (-20, 60, 10)

,
BS(0,0,10) g
o/

’ /

_— /
M 3 (-10, 50, 1.5) / (-10,70, 1.5)
! -
- y

/
/

/ (10,50, 1.5)
/x

(10,70, 1.5)

Fig. 3. Simulation setup for an IRS-assisted NOMA pair.

Fig. 4 compares the max-min rate of the two-user NOMA
as the number N of IRS elements increases when the number
of antennas is given by M = 1,2 and the maximum transmit
power for the devices is set to P, = P, = 100 mW. The pro-
posed nonlinear IRS optimization including PA (Prop-IRS/PA)
outperforms the nonlinear IRS optimization with maximum
PA (Prop-IRS), and the PA without IRS (No-IRS/PA). The
performance gain obtained with an IRS gets larger as the
number N of IRS elements increases or the number M of
antennas increases. The PA gain is more prominent for a small
M and N, resulting in a low SNR.

Next, we compare the max-min rate as the maximum
transmit power P = Py varies when N = 32 with M = 1,2
in Fig. 5(a) and M = 1 with N = 16,64. in Fig. 5(b).
Results show that the max-min rate increases as transmit power
increases particularly for the optimal PA (Prop-IRS/PA) case.

V. CONCLUDING REMARKS

We have considered the IRS-assisted uplink NOMA with
two users supported by a multiantenna BS. For the network,
the max-min rate was optimized by optimizing IRS reflection,
PA, and receive BF. Instead of typical alternating optimization,
we proposed a nonlinear optimization with respect to IRS
phase shifts by obtaining the optimal receive BF and optimal
PA conditions given IRS reflection. The problem with a large-
size IRS was solved through the L-BFGS-B algorithm known
to be efficient for a large scale problem. Results have revealed
that the max-min rate of the IRS-assisted NOMA is improved
more prominently as NV and M increase. Additionally, optimal
PA becomes crucial if M and N are not so large. The proposed
optimization based on the L-BFGS-B can be straightforwardly
extended for the more general case by jointly optimizing the
PA and IRS-phases under the optimal receive BF condition

ax-min rate (bps/Hz)

Avers

16 32 64 128 256 512
Number of IRS elements N

Fig. 4. Average max-min rate as [N increase when M = 1,2.
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No-IRS/PA
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Fig. 5. Average max-min rate as the maximum transmit power P increases
when (a) N = 32 with M = 1,2 and (b) M =1 with N = 16, 64.

since both are box-constrained variables; however when K >
2 obtaining the optimal PA conditions and SIC order is not an
easy task thus requiring NV + K variables in general.
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