
 

Abstract-- This paper describes a flux saturation model 

expressing the current and flux relationship. The flux saturation 

model includes a self-saturation term and a cross-saturation term. 

The flux saturation of the synchronous reluctance machine was 

analyzed and based on this, the self-saturation term was selected, 

and the cross-saturation term was proposed. The self-saturation 

term is an arctangent function that can represent the nonlinear 

flux saturation well. And the cross-saturation term was proposed 

considering the cross-saturation and the reciprocity condition. 

The proposed flux saturation model was experimentally verified 

for flux saturation of 1.5 kW SynRM. 

 
Index Terms—self-commissioning method, self-saturation, 

cross-saturation, flux saturation model 

 

I.  INTRODUCTION 

Synchronous reluctance machines (SynRMs) are low-

cost and high-temperature robust [1]-[3]. However, a high 

salient ratio and large inductance are required to obtain 

high output torque because this motor does not have a 

permanent magnet. In addition, flux saturation [4] occurs 

significantly due to volume reduction to obtain high power 

density. 

Flux saturation modeling is essential to achieve good 

control performance. Flux saturation data obtained 

through finite element analysis (FEA) or experiments are 

required for estimating flux saturation model. Information 

on the drawings and materials of the motor is required for 

FEA. However, when there is no such motor information, 

flux saturation data can be obtained through a self-

identification process. 

The self-identification method is divided into a rotating 

state or a stationary state [5]. The self-identification 

method in the rotating state obtains flux saturation data 

through current control. Because of the current control, 

flux saturation data with respect to the desired currents can 

be obtained. Also, a position sensor is required for speed 

control. The self-identification method in the stationary 

state obtains flux saturation data using a hysteresis voltage 

injection technique. The hysteresis voltage injection 

technique injects voltage so that the current pulsates within 

the current limit. This method obtains flux saturation data 

with respect to the currents within the current limit. And 

since flux saturation data is obtained in a stationary state, 

a load system is not required. 

Flux saturation modeling methods include tables [6], 

artificial neural networks (ANNs) [7,8], and equations [9]-

[15]. The table-based flux saturation modeling method 

requires flux data for each row and column. The ANN and 

equation-based flux saturation modeling method improves 

the modeling accuracy as uniformly distributed flux data 

is obtained. However, in the ANN-based flux saturation 

modeling method, the flux error between the ANN model 

and the non-learning area may be significantly different 

when the flux data for learning is insufficient. However, 

the equation-based flux saturation modeling method can 

also represent the flux region not used to estimate the flux 

saturation model well. Therefore, table- and ANN-based 

flux saturation modeling using the flux data obtained by 

the self-identification process of the rotating state is 

suitable for systems with load system. Equation-based flux 

saturation modeling using flux data obtained in the self-

identification process in a stationary state is suitable for 

cases without a load system. 

Many equation-based flux models have been studied. 

Equation-based flux saturation models include a current 

model [9,10] with respect to flux and a flux model [11]-

[14] with respect to current. A model that expresses the 

current with respect to flux well has already been 

developed. However, there is a lack of research on a flux 

saturation model that well expresses flux with respect to 

current. 

This paper analyzes the flux saturation phenomenon 

and proposes a flux saturation model for current based on 

this. Flux saturation is divided into self-saturation by only 

its self-axis current and cross-saturation by orthogonal axis 

current. And the proposed flux saturation model includes 

self-saturation and cross-saturation terms. The self-
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saturation terms are selected as an arctangent function and 

a linear function considering the nonlinear self-saturation 

phenomenon. And the cross-saturation term was proposed 

as a logarithm function considering the cross-saturation 

phenomenon caused by the orthogonal axis current and the 

reciprocity condition [9].  

The flux saturation data were obtained through a 

stationary state self-commissioning process. The d- and q-

axis self-saturation data were obtained by injecting the d- 

and q-axis voltages, respectively. Then, the d-q axis 

voltages were simultaneously injected to obtain cross-

saturation data. Based on the flux saturation data, the 

parameters of the self-saturation term and the cross-

saturation term were sequentially estimated. MATLAB's 

curve-fitting tool was used for parameter estimation of 

proposed flux saturation model. 

This paper analyzes the flux saturation phenomenon of 

SynRM and proposes an equation-based flux saturation 

model based on it. Section II explains the fundamental 

equations. Section III describes the flux saturation 

phenomenon, and section IV describes the proposed flux 

saturation model considering the reciprocity condition. 

Section V experimentally verifies the proposed flux 

saturation model for a 1.5 kW SynRM. 

 

II.  FUNDAMENTAL EQUATIONS 

The stator voltage equations of the SynRM model in 

rotor coordinates are given by 

 

  𝑢𝑑 = 𝑅𝑠𝑖𝑑 +
𝑑𝜓𝑑
𝑑𝑡

− 𝜔𝑟𝜓𝑞  (1a) 

  𝑢𝑞 = 𝑅𝑠𝑖𝑞 +
𝑑𝜓𝑞

𝑑𝑡
+ 𝜔𝑟𝜓𝑑 , (1b) 

 

where 𝜓𝑑 and 𝜓𝑞  are the flux components, 𝑢𝑑 and 𝑢𝑞 

are the stator voltage components,  𝑅𝑠  is the stator 

resistance, 𝑖𝑑  and 𝑖𝑞  are the current components, and 

𝜔𝑟 is the electrical angular speed of the rotor. 

The flux with respect to the d-q axis current is expressed 

as  

 

  𝜓𝑑 = 𝜓𝑑(𝑖𝑑 , 𝑖𝑞), 𝜓𝑞 = 𝜓𝑞(𝑖𝑑 , 𝑖𝑞). (2) 

 

The flux function to represent flux saturation is 

nonlinear, and when electrical energy is neither generated 

nor dissipated by the inductors, the reciprocity condition 

[XX] is   

 

 
𝑑𝜓𝑑(𝑖𝑑 , 𝑖𝑞)

𝑑𝑖𝑞
=
𝑑𝜓𝑞(𝑖𝑑 , 𝑖𝑞)

𝑑𝑖𝑑
. (3) 

 

The electromagnetic torque is given by 

 

  𝑇𝑒 = 1.5𝑝𝑝(𝜓𝑑𝑖𝑞 − 𝜓𝑞𝑖𝑑). (4) 

 

where 𝑝𝑝 is the number of pole pairs.  

 

III.  FLUX SATURATION PHENOMENON 

A.  Self-saturation Phenomenon 

The d-axis flux is much greater than the q-axis flux 

because the SynRM is designed to have a high saliency 

ratio. The solid black line is the d-axis self-saturation, and 

the black dotted line is the q-axis self-saturation, as shown 

in Fig.1. Since the q-axis flux is small, there is almost no 

flux saturation. On the other hand, the d-axis flux changes 

linearly in the region where the d-axis current is small, and 

as the d-axis current increases, non-linear flux saturation 

appears. 

B.  Cross-saturation Phenomenon 

The solid line in Fig. 1 shows the d-axis flux saturation. 

When the q-axis current is a constant value other than zero, 

the cross-saturation of the d-axis flux increases as the d-

axis current increases, but decreases after the cross-

saturation reaches a maximum. The dotted line in Fig. 1 

shows the q-axis flux saturation. When the d-axis current 

is a constant value other than zero, the cross-saturation of 

the q-axis flux increases as the q-axis current increases.  

IV.  PROPOSED FLUX SATURATION MODEL 

As mentioned in the section III, flux saturation is 

divided into self-saturation and cross-saturation. The 

proposed flux saturation model consists of a self-saturation 

term and a cross-saturation term. Each term was selected 

and proposed considering the flux saturation phenomenon. 

The selected self-saturation term involved an arctangent 

function and linear function, and the proposed cross-

saturation terms are a logarithm function. This section 

explains the physical meaning of the parameters of the 

proposed flux saturation model. 

A.  Self-saturation Term 

The selected self-saturation model [12] consists of two 

functions and three parameters, and the d-axis and q-axis 

self-saturation model is expressed as 

 

  𝜓𝑑(𝑖𝑑) = 𝐴𝑑 𝑡𝑎𝑛
−1(𝐵𝑑𝑖𝑑) + 𝐶𝑑𝑖𝑑 , (5a) 

  𝜓𝑞(𝑖𝑞) = 𝐴𝑞 𝑡𝑎𝑛
−1(𝐵𝑞𝑖𝑞) + 𝐶𝑞𝑖𝑞 , (5b) 

 

Fig. 1:  D-q axis flux saturation of SynRM.  

Increasing

Increasing
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where 𝐴𝑑 , 𝐵𝑑 , and 𝐶𝑑 are nonnegative coefficients. 𝐴𝑑 

determines the magnitude of the arctangent function. 𝐵𝑑  

represent the smoothness of the section from the linear 

region to the saturated region and the slope of the linear 

region, respectively. 

Fig. 2 shows examples of self-saturation term along A, 

B, and C. Fig.2(a) shows that the overall magnitude of the 

flux decreases as A decreases. Fig.2(b) shows that the flux 

saturation according to the current weakens as B decreases. 

Fig. 2(c) shows that the slope of the saturation region 

decreases as C decreases. Therefore, the selected self-

saturation term can represent the d-q axis self-saturation 

through appropriate A, B, and C. 

  

B.  Proposed Flux Saturation Model including Cross-

Saturation Term 

There are three conditions to consider when modeling 

the cross saturation term. First, the flux saturation model 

must satisfy the reciprocity condition. Second, when the 

orthogonal axis current is a constant value other than zero, 

the flux saturation model should show that the cross-

saturation increases as the magnitude of the self-axis 

current increases, and then decreases. Lastly, when the 

self-axis current is constant, the flux saturation model 

should represent the phenomenon in which the cross 

saturation changes as the orthogonal axis current increases. 

The flux saturation model that satisfies the first 

condition is expressed as 

 

 

𝜓𝑑(𝑖𝑑 , 𝑖𝑞) = 𝐴𝑑 𝑡𝑎𝑛
−1(𝐵𝑑𝑖𝑑) + 𝐶𝑑𝑖𝑑⏟              
𝜓𝑑,𝑠𝑒𝑙𝑓

 

              +𝐷𝑑𝑞
′ 𝑓(𝑖𝑑)∫𝑔(𝑖𝑞) 𝑑𝑖𝑞⏟              

𝜓𝑑,𝑐𝑟𝑜𝑠𝑠

, 
(6a) 

 

𝜓𝑞(𝑖𝑑 , 𝑖𝑞) = 𝐴𝑞 𝑡𝑎𝑛
−1(𝐵𝑞𝑖𝑞) + 𝐶𝑞𝑖𝑞⏟              
𝜓𝑞,𝑠𝑒𝑙𝑓

 

              +𝐷𝑑𝑞
′ 𝑔(𝑖𝑞)∫ 𝑓(𝑖𝑑) 𝑑𝑖𝑑⏟              

𝜓𝑞,𝑐𝑟𝑜𝑠𝑠

, 
(6b) 

 

where, 𝑓(𝑖𝑑) is a function of 𝑖𝑑, 𝑔(𝑖𝑞) is a function of 

𝑖𝑞 , and 𝐷𝑑𝑞  is a variable for cross-saturation.  

For (6), (3) is expressed as 

 

 
𝑑𝜓𝑑(𝑖𝑑 , 𝑖𝑞)

𝑑𝑖𝑞
=
𝑑𝜓𝑞(𝑖𝑑 , 𝑖𝑞)

𝑑𝑖𝑑
= 𝐷𝑑𝑞

′ 𝑓(𝑖𝑑)𝑔(𝑖𝑞), (7) 

 

Therefore, (6) satisfies the reciprocity condition.  

To satisfy the second condition, 𝑓(𝑖𝑑)  and 𝑔(𝑖𝑞) 

were selected as fractional functions, and 𝐾  which 

determines the current at which cross-saturation is 

maximized was added to the denominator. In addition, the 

order of the numerator of 𝑓(𝑖𝑑) and 𝑔(𝑖𝑞) was selected 

to be one smaller than the order of the denominator so that 

∫𝑔(𝑖𝑞) 𝑑𝑖𝑞  and ∫𝑓(𝑖𝑑) 𝑑𝑖𝑑  are natural logarithms. 

𝑓(𝑖𝑑)  and 𝑔(𝑖𝑞)  satisfying second condition are 

expressed as 

 

 𝑓(𝑖𝑑) =
𝑖𝑑

𝑖𝑑
2 + 𝐾𝑑

, (8a) 

  𝑔(𝑖𝑞) =
𝑖𝑞

𝑖𝑞
2 + 𝐾𝑞

. (8b) 

 

The derivative of 𝑓(𝑖𝑑) and 𝑔(𝑖𝑞) is as expressed as 

 

 
d𝑓(𝑖𝑑)

d𝑖𝑑
=

𝐾𝑑 − 𝑖𝑑
2

(𝑖𝑑
2 + 𝐾𝑑)

2
, (9a) 

 
d𝑔(𝑖𝑞)

d𝑖𝑞
=

𝐾𝑞 − 𝑖𝑞
2

(𝑖𝑞
2 + 𝐾𝑞)

2. (9b) 

 
(a) 

 
(b) 

 
(c) 

Fig. 2: Examples of self-saturation model with parameter changes: 

(a) A; (b) B; (c) C. 



 

 

As shown in Fig. 3, (8a) becomes maximum at the d 

axis current where equation (9a) becomes zero. And, the 

current at which (8a) becomes the maximum is √𝐾𝑑 . 

Therefore, the current at which the maximum cross 

saturation of the flux saturation model occurs is 

determined according to 𝐾𝑑. 

The integral value with respect to the current in (8) is 

expressed as  

 

 ∫𝑓(𝑖𝑑) 𝑑𝑖𝑑 =
1

2
ln (1 +

𝑖𝑑
2

𝐾𝑑
), (10a) 

 ∫𝑔(𝑖𝑞) 𝑑𝑖𝑞 =
1

2
ln (1 +

𝑖𝑞
2

𝐾𝑞
). (10b) 

 

Fig. 4 shows ∫ 𝑓(𝑖𝑑) 𝑑𝑖𝑑  according to 𝐾𝑑 . 

d{∫ 𝑓(𝑖𝑑) 𝑑𝑖𝑑}/d𝑖𝑑  decreases as 𝑖𝑑  increases when 𝐾𝑑 

is 16, and increases as 𝑖𝑑  increases when 𝐾𝑑  is 400. 

Therefore, the flux saturation model can satisfy the third 

condition according to 𝐾𝑑. 

The proposed flux saturation model considering the 

above three conditions is expressed as 

 

 

𝜓𝑑(𝑖𝑑 , 𝑖𝑞) = 𝐴𝑑 𝑡𝑎𝑛
−1(𝐵𝑑𝑖𝑑) + 𝐶𝑑𝑖𝑑⏟              
𝜓𝑑,𝑠𝑒𝑙𝑓

 

+𝐷𝑑𝑞
𝑖𝑑

𝑖𝑑
2 + 𝐾𝑑

ln (1 +
𝑖𝑞
2

𝐾𝑞
)

⏟                
𝜓𝑑,𝑐𝑟𝑜𝑠𝑠

, 
(11a) 

 

 𝜓𝑞(𝑖𝑑 , 𝑖𝑞) = 𝐴𝑞 𝑡𝑎𝑛
−1(𝐵𝑞𝑖𝑞) + 𝐶𝑞𝑖𝑞⏟              
𝜓𝑞,𝑠𝑒𝑙𝑓

 

+𝐷𝑑𝑞
𝑖𝑞

𝑖𝑞
2 + 𝐾𝑞

ln (1 +
𝑖𝑑
2

𝐾𝑑
)

⏟              
𝜓𝑞,𝑐𝑟𝑜𝑠𝑠

. 
(11b) 

 

where, 𝐾𝑑 , 𝐾𝑞 , and 𝐷𝑑𝑞  are parameters for cross-

saturation.  

Fig. 5 shows an example d-axis flux saturation model 

according to the parameters for cross saturation. Case 1 is 

a self-saturation model, and the other cases are flux 

saturation models including cross-saturation in Fig. 5. 𝐾𝑑 

of case 2 and case 3 are 16 and 64, respectively. The d-axis 

current at which the maximum difference between case1 

and case 2 occurs is 4 A, and the d-axis current at which 

the maximum difference between case1 and case 3 occurs 

is 8 A. Therefore, a cross-saturation phenomenon 

according to the d-axis current can be represented 

according to 𝐾𝑑. Case 4 has a smaller 𝐾𝑞  than case 3, and 

cross-saturation increased for the same q-axis current. 𝐾𝑞  

determines the cross-saturation according to the q-axis 

current. Similarly, 𝐾𝑞  in (11b) determines the q-axis 

current at which cross-saturation occurs at the maximum, 

and 𝐾𝑑 determines the cross-saturation according to the 

d-axis current. 

V.  EXPERIMENTAL RESULT 

The proposed flux saturation model was experimentally 

verified for a 1.5 kW SynRM. Table I gives the values on 

the test motor's nominal parameters. The DC-link voltage 

of the inverter was 310 V. The switching frequency was 

set at 5 kHz, and a double sampling method was used. A 

dead-time voltage distortion compensation algorithm was 

applied to reduce the error between the voltage reference 

 

Fig. 3: 𝑓(𝑖𝑑) and d𝑓(𝑖𝑑)/d𝑖𝑑 with respect to 𝑖𝑑 

 

 

Fig. 4: ∫ 𝑓(𝑖𝑑) 𝑑𝑖𝑑 according to 𝐾𝑑 

 

 

Fig. 5: D-axis flux saturation model according to 𝐾𝑑 and 𝐾𝑞 when 

𝐷𝑑𝑞 and 𝑖𝑞 are constant. 

self-saturation model



 

and the actual output voltage of the inverter due to the 

dead-time voltage distortion. The hysteresis voltage 

injection method [5] obtained data on d-q axis self-

saturation and cross-saturation. Fig. 6 shows the flow chart 

for flux saturation data collection and MATLAB curve 

fitting based on the nonlinear least square algorithm. The 

flux saturation model estimated through the root mean 

squared error (RMSE) was evaluated. 
 

A.  Self-saturation Terms 

  The black dots are the flux data obtained through the 

hysteresis voltage injection process, and the blue line is the 

estimated flux saturation model in Fig. 7. The parameters 

of the estimated d-q axis self-saturation model are shown 

in Table 2. Fig. 7(a) shows that the estimated d-axis flux 

saturation model represents the d-axis self-saturation data 

well where flux saturation appears significantly. In 

addition, Fig. 7(b) shows that the estimated q-axis flux 

saturation model well represents the q-axis self-saturation 

in the case where flux saturation hardly appears. Fig. 8 

shows the arctangent function and the linear function of 

 
(a) 

 
(b) 

Fig. 7: Flux data and estimated self-saturation model using curve fitting 

tool of MATLAB: (a) d-axis self-saturation model and flux data; (b) q- 
axis self-saturation model and flux data. 

 

 
(a) 

 
(b) 

Fig. 8: Each term in the d-q axis self-saturation model estimated using 

the curve fitting tool in MATLAB: (a) d-axis; and (b) q-axis. 

TABLE I 

NOMINAL PARAMETERS OF THE 1.5 KW SYNRM 

Parameter Value [Unit] 

Rated power 1.5 [kW] 

Pole pair 2 

Rated speed 3000 [r/min] 

Rated Voltage 210 [VL−L,RMS] 

Rated Current 7.5 [ARMS] 

Inertia 0.0245 [kg ∙ m2] 

  

 

 
Fig. 6: Flow chart of flux saturation data collection and parameters 

estimation of the proposed flux saturation model. 

 

 

TABLE II  

ESTIMATED PARAMETERS OF  
THE PROPOSED FLUX SATURATION MODEL FOR 1.5 KW SYNRM 

𝐴𝑑 𝐵𝑑 𝐶𝑑 𝐴𝑞 𝐵𝑞 𝐶𝑞 𝐾𝑑 𝐾𝑞 𝐷𝑑𝑞 

0.26 0.32 0.0009 0.02 1.55 0.007 7 66 -0.12 

 
 

START

Flux saturation data collection

Estimate , , and 

for the d-q self-saturation term

Estimate , , and 

for the cross-saturation term

END

Hysteresis control



 

the estimated self-saturation term. As explained in the 

section IV, the arctangent function represents the linear 

region and the smoothness around the knee point, and the 

linear function represents the saturation region. 
 

B.  Flux Saturation Model including Cross-saturation 

Terms 

 The black dots are the cross saturation data and the mesh 

plane shows the estimated d-q axis flux saturation model 

in Fig. 9. It was confirmed that the estimated flux 

saturation model well represented the flux saturation 

phenomenon of SynRM. Also, the RMSE between the 

estimated d-axis flux saturation model and d-axis flux data 

is 0.021, and the RMSE between the estimated q-axis flux 

saturation model and q-axis flux data is 0.009.  

VI.  CONCLUSION 

This paper analyzes the flux saturation of SynRM and 

proposes a flux saturation model based on it. The proposed 

flux saturation model consists of a self-saturation term and 

a cross-saturation term, and the meaning of each parameter 

is explained. Also, this model satisfies the reciprocity 

condition. For the flux saturation of a 1.5 kW SynRM 

obtained through experiments, the parameters of the flux 

saturation model were estimated using MATLAB. And, it 

was confirmed that the estimated flux saturation model 

represents the flux saturation of the 1.5 kW SynRM well. 
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Fig. 9: Estimated d-q axis cross-saturation model using curve fitting 

tool of MATLAB. 


